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Equilibrium with debt in the form of n period bonds

Characterization of equilibrium

If

(1 — Hy)d + B(Hy) m(Ho)
e <O+,

there is no development so that Hyy1 equals Hy for all £. The price of building land in each period

(A1)

equals m(Hg)/(1 — ). The price of housing in periods t > n + 1, is equal to

(1 — Hy)0 + B(Hy)
1-8 ’

which is just the present value of the surplus flow from living in the community obtained by the

P, =

marginal household. Using this and (8), the period ¢ price of housing for ¢t =1, ..., n, is

P, =

t
(1— Ho)0 + B(Hy) ~— . D n)
D D
Note that the future tax payments are capitalized into these prices which implies that prices are
increasing as we get closer to the bond being repaid. Moreover, these prices are decreasing in D.

Using the expression for P; and (8), the period 0 housing price is

p— (1-Hy)d +BB(Hy) G
0 1-3 Hy

This is independent of the debt level, so debt is fully capitalized into the period 0 housing price.

If
(1 Hy)d + B(Ho) r(Ho) _ (1= Ho)f + B(Ho) — Mgl
- >C+ 15 > =75 ,

there is development in period n + 1, but no development before that. Thus, H;11 equals Hy for

(A2)

all t <mn and Hyyq equals Hy, 4o for all ¢ > n + 1. The housing level H,, ;2 satisfies

1-8 1-5
For all periods ¢ > n+ 1, the price of building land is 7(H,,12)/(1 — 3) and the price of housing is
T(Hn2)
=C+ ——=—=.
+ -5
Housing and building land prices for periods t = 1, ...,n equal
Hni2)
P, = (1 — Ho)d + B(H,) y grii—t (o4 TWHnto)
) (( 0)0 + B(Ho) — )Zﬁ +8 ( =3



and

n—t
Ry = 7(Ho) ;OBZ + ﬁn-‘rl—tﬂ'(len—;Z).

Using these expressions and (A2), we have

R(D,n)

n—t
HO _ ﬂ,(HO)) Z/BZ =+ B’nrl*lftc

P,—R, = <(1—Ho)5+B(Ho)—
z2=0

IN

n—t
C ((1 _ ﬂ) Zﬁz + /Bn—&-l—t) — 07
z=0

confirming that there is no incentive to develop. Using the expression for P; and (8), the period

0 housing price is

B = (1 — Ho)a— GI;OD + ((1 — H())g—l- B(Ho) — R(g(;TL)) ;Bz + 6n+1 (C + 71—(5?122))

and the building land price

n Hn
Ro = (o) + () 3 p + et Eellet),
z=1
Finally, if
(1 — Ho)d + B(Hp) — 221 #(Ho)
- >C+1_ﬁ, (A3)

there is development in period n + 1 and development in period 1. Thus, H; equals Hy, H;41
equals Hy for all t = 1,...,n, and H¢yq equals H, 4o for all £ > n + 1. The housing level H,, ;2

satisfies _
(1 — Hny2)0 + B(Hny2) — O+ T(Hni2)
1-p5 1-p5

and the housing level H, satisfies

(1— Hy)P + B(H,) — H5n) m(H>)
T3 =C+71-5

For all periods ¢t > n+ 1, the price of building land is 7(H,,+2)/(1 — ) and the price of housing is

o 7r(I"[n+2)
P =C+ T—5 5

Housing and building land prices for periods t = 1,...,n equal

P= (0= o+ () - T Zﬁ” (o+528)



and

n—t
Ry = 7(H>) ;OBZ + ﬁn-i-l—tﬂ'(lenEZ).

Using these expressions and (A2), we have

R(D,n)
H,

n—t
C ([1 ~8> 5+ B"“‘t> =C,
z=0

confirming both that there is no incentive to develop further in periods 2, ...,n and that Hs is the

n—t
P — Ry <(1 — H»)0 + B(H>) — - W(Hg)) Zﬁz 1 gt
z=0

equilibrium housing in period 1. In period 0, the price of housing is

G-D

0

Py = (1— Hy)f —

+ ((1 — Hy)0 + B(H,) — R(%;”)) ZZ:BZ L g (C+ 77(1H7";?)> ,

and the price of building land is
- w(H,
R = n(Ho) +7(Hz) 3 6 + B”“%}f)'

z=1
Equilibrium payoffs
Consider first the period ¢ potential residents for ¢ > n 4+ 1. If 6 exceeds (1 — H,,12)0, such a
household purchases a home in the community in period t. In period ¢ + 1, if they remain in the

pool, they enjoy a continuation payoff which is the same as in period ¢, except that they avoid

the cost of buying a house. Given that P.y; = P, = P41, it is the case that
Vor = 0 + B(Hnt2) — Ppg1 + B [1(Vor + Po1) + (1 — ) Poyal -

This implies that for all t > n 4+ 1

_ 0+ B(Hpi2) — (1= B)Pni1
1—pp '

If 0 is less than (1—H,,,2)0, a period ¢ potential resident never purchases a home in the community

Vot (A4)

and thus their payoff is zero.
Next consider the period ¢ potential residents for ¢ € {1,...,n}. We claim that, if § exceeds

(1 — H3)#, such a household gets

n41—t n— z
b S ) (5t - 22) S i -

(1= )8 [ () Py + G B ]



To prove this, we first show that the formula is true for ¢ = n. We then show that if the formula
is true for t + 1 where t € {1,...,n — 1}, it must be true for ¢.

Consider then a period n potential resident for whom 6 exceeds (1 — Hs)f. Such a household
purchases a home in the community in period n. In period n + 1, if they remain in the pool, they
enjoy a continuation payoff which is equal to Vg, 41 except that they avoid the cost of buying a
house. Thus,

R(D,n)

‘/Gn:6+B(H2)_ H,

- P, +p [M(VGn-i-l + Pn+1) + (1 - M)Pn-i-l] .

Using (A4), we can write this as:

_ 0+ pBB(Hnyo)
1—up

This establishes that the formula is true for ¢ = n.

Von By - B p o (L= m)BP

Hy 1—up

Next assume that the formula is true for ¢+ 1. Consider a period t potential resident for whom
0 exceeds (1 — Hg)a. Such a household purchases a home in the community in period ¢. In period
t 4+ 1, if they remain in the pool, they enjoy a continuation payoff which is equal to Vjiy1 except
that they avoid the cost of buying a house. Thus,

R(D,n)

Voo =0+ B(Hy) — =7

— P+ Bu(Vorsr + Pryr) + (1 — p) Pyl

or equivalently
R(D,n)
2

Vor =60+ B(Ha2) — — Py + BuVory1 + BPit1.

Using the assumption that the formula holds for ¢t + 1, we can write this as:

Voo = 0+ B(Hy) — 22— p,

0 "~'*B(H, R(D,n n—t—1 z
SRON ) 4 (B(Hy) - BR) S5 (u)

+8u + BPi

n—t— z— R
—Pt + (1 _ /J,)B |:ZZ:I, 1 (,Ltﬂ) 1 Pt+z + pB) lip‘ﬁp +lj|

9 n4+l—t n n n— 2
+(uB) 1WBB(H +2) | (B(Hg) _ R(%Q)) S (uB) — Py

— — n—t
HL = B[S0 (1) P 4 WY o]

This establishes that the formula is true for ¢ if it is true for ¢t + 1. We conclude that (A5) holds.
Continuing with the period t potential residents, if 6 is between (1 — H,,42)0 and (1 — Hy)0

such a household purchases a home in the community in period n + 1 if they remain in the pool



at that time and remain there as long as they are in the pool. If they remain in the pool in period
n + 1, they enjoy a continuation payoff equal to Vj,1. Thus, Vy; is equal to (ﬁu)"+1_t Vony1. If
0 is less than (1 — H,,, )@, such a household has a payoff of 0.

Next consider the period 0 potential residents. If 6 exceeds (1 — Ho)a, such a household
purchases a home in the community in period 0. By the usual argument

G—-D
0

Voo =0 —

— Py + BuVer + BP:.

Using (A5), we can write this as:

n+l n n z _
Vo = 9+(M5)1_Hg(Hn+2) + (B(Hg) _ R(If?v )) s (uB)* — G—D

2 2=1 7o — bo

(A6)
+(1 = )8 [S15 (uB) Prys + WD

If 0 is between (1 — Ho)0 and (1 — Hy)f a period 0 potential resident purchases a home in the
community in period 1. If they remain in the pool in period 1, they enjoy a continuation payoff
equal to Vy;. Thus, Vyo is equal to SuVpy. If 6 is between (1 — H,,;2)0 and (1 — Hy)@ a period 0
potential resident purchases a home in the community in period n 4 1 if they remain in the pool
at that time. If they remain in the pool in period n + 1, they enjoy a continuation payoff equal
t0 Vana1. Thus, Vyo is equal to (Bu)"+1 Voni1. If 0 is less than (1 — H,,11)0, a period 0 potential
resident obtains a zero payoff.

The final cohort of residents are the initial potential residents. The initial residents; i.e., those
for whom 6 exceeds (1 — Hy)f, own a home in the community and remain there as long as they
are in the pool. If they remain in the pool in period 0, they enjoy a payoff equal to Vyg except

that they avoid the cost of buying a house. Thus,
Vo = uVio + Po. (AT)

The initial potential residents for whom @ is between (1 — H5)6 and (1 — Hy)@ do not own a home
but purchase a home in the community in period 1 if they remain in the pool. In this case, they
enjoy a continuation payoff equal to Vpy. Thus, Vy = pfSuVyr. If 0 is between (1 — Hn+2)§ and
(1— Hg)@ an initial period potential resident purchases a home in the community in period n+1 if
they remain in the pool at that time. In this case, they enjoy a continuation payoff equal to Vi, 41.
Thus, Vpg is equal to M(ﬁu)”“ Vons1. If 0 is less than (1 — H,41)0, a initial period potential

resident obtains a zero payoff.



Finally, consider the landowners. Those with land of productivity = between 7(Hy) and m(Hs)
sell their land in period 1 and obtain a payoff of 7+ R;. Those with land of productivity 7 between
7(Hs) and 7(H,42) sell their land in period n + 1 and obtain a payoff of 7 >_"_ 8% + "1 R, 1.
Landowners with land of higher productivity never sell their land for building and just obtain a

payoff /(1 — f3).

Equilibrium with an n period development tax

Characterization of equilibrium

As in Section 4, we restrict attention to development taxes satisfying 7 < G/BHy. If

(1 — Ho)0 + B(Hy) 7(Ho)

there is no development so that Hy1 equals Hy for all £. The price of building land in each period

(A8)

equals m(Hp)/(1 — ). The price of housing in periods ¢ > 1 is constant and equal to

(1 — Hy)0 + B(H,y)
1-3 :

Using this and (8), the period 0 housing price is

P, =

(1-Ho)0+BB(Hy) G

Py = .
0 1-8 H,
If
m(Ho) T (1 — Ho)f + B(Hy) m(Ho)
> Al
C+1_ﬂ+n—1 > 15 >C+1_ﬁ, (A9)
> B (1-p)
z=0
there will be development in period n + 1. Housing level H,, o will satisfy
(1 — Hyy2)0 + B(Hpy2) — O+ T(Hni2)
1-p 1-p
and for all t > n+ 2, H, = H, 5. For all t > n + 1, the price of housing is
m(Hyp0)
P=C+——-"7"—
t + -3

and the price of building land is 7(Hy42)/(1 — ).

In periods 1 through n, the prices of housing and building land are

P= (1~ Ho)B + B(Hy) 357 + g1t (0 . 77(1an4;)) |
2=0



and

R = (o) S g+ g1+ TInz)
z2=0 1= B
Using (A9), we have that
n—t
— Ry = ((1—Hy)+ B(Ho) —m(Hy)) Y p*+p""""C
z=0

T

n—t
CA=pB)+-—— | D B +p"""C

Z Bz z=0

z=0

IN

iﬂz
Zﬁz

Thus, there is no incentive for new construction in these periods. Furthermore, note that

= C’—|—7' <C+r.

n—t
7 z n+1— (H" )
P—P, = ((1—H0)9+B(Ho));5 + gttt <C+”1—g2>
n—(t—1) ( )
((]_—H0>9+B HO Z ﬁz Bn-i—l (t—1) <C+ 1_n}2 )

= (L= Ho) + B(Ho)) 7~ + 4770 (1= ) (O+(H—?)>
= A" [C(1 = B) + w(Hnya) — ((1— Ho)f + B(Hy))]

< BTN C( = B) + T(Hpga) — (1= Hpg2)0 + B(Hpy2))] =0

Thus, housing prices are decreasing as we approach period n + 1.

In period 0, the prices of housing and building land are

i) G i - z n W(Hn-‘rQ)
Py=(1—Hy)f — Eﬁ ((1—H0)0+B(H0));5 + gt <C+W) ,
and
- H,
Ry =n(Hy) Y5+ 51 7L _22).
z=0
From (A9), (2), and the assumption that 7 < G/SHj, we have that
_ G _ n
Po—Ry = (1-Ho)f - 5= —n(Ho)+ ((1 - Ho)f + B(Ho) - x(Ho)) > g+ prtic
z=1



AN
—~
—
\
g
S
\
3

o~ THo) + | CU=B) + o > g+ st

S |
z=0
n

>

il G . z n+1 z=1
2=0
- G
= (1-Ho)0 — o —7(Ho) + CB+ 7P
Hy
< (1-Ho)0 —7(Ho) +CB<C
Thus, there is no incentive for development in period 0.
If
1— Hy)0 + B(H H,
( 01)9_; ORGP Z(_(’ﬁ) + u (A10)

n—1 ’
> B(1-p)
2=0

there will be development in period n + 1 and period 1. Housing level H,, o will satisfy

(1~ Hny2)0 + B(Hpy2) _ oL T(Hn2)
1-5 1-p
and for all t > n+ 2, H, = H, 5. For all t > n + 1, the price of housing is
W(Hn-&-Q)
P=C+—=
t + -5

and the price of building land is 7(Hy42)/(1 — ).

Housing level Hs satisfies

(1— H»)0 + B(Hy) = C(1 - B) + m(Ha) + nfi

T .
B*Ho
z2=0

(A1)

and for all t =1,...,n, Hyy1 = Ho. In periods ¢t = 2,...,n the price of housing is

n—t

_ H,
Py = ((1—Hy)0+ B(Hy)) > _ p*+ """ <C + %’“;)) ,
z=0
and the price of building land is
n—t
_ W(Hn—i-Q)
R, = w(H. /62+Bn+1 t—.



Using (A11), we have that

n—t

Pi—R; = ((1—H)d+ B(H,) — n(Hs)) Zﬁz + prti-to
z=0

n—t
= C(]_ _ ﬁ) + — Zﬁz _’_ﬁn-i-l—tc
Zﬁz z=0
z=0
n—t
27
= C +T <C+r.

S
z=0
Thus, there is no incentive for new construction in periods 2 through n. Furthermore,

n—t
P,—P_y = ((1-H»)0+ B(H,)) ;Bz 4 g1t (C’ n W(1Hng)>

— [ ((1 = H)0 + B(H)) il)ﬁz + gD <C+ ul "*2))
z=0 L- ﬁ
= BT [C( — B) + 1(Huta) — ((1 — Ho)8 + B(Hs))]

< FHTHCA = B) + m(Hys2) = (1= Hyy2)0 + B(Hny2))] = 0.

Thus, housing prices are decreasing as we approach period n + 1.

In period 1, the prices of housing and building land are

n—1
C+7T H2 ZBZ‘Fﬁn ( 62)

2=0

+T

and

Ry = m(H>) Zﬂz+5n ul nJ;)

The solution for the housing level Hy provided in (A11) follows from solving the market clearing

condition
n—1 ne1

(= HT 4 B) 3 e 2 B (04 T ) < Oty g T
z2=0 =0

In period 0, the prices of housing and building land are

n—1
Py = (I—HO)H—H£+,3<C+7TH2 Z/Bz+ﬁnw+7>7

2=0



and

n—1
Ry =7(Hoy) + 8 <7T(H2) Zﬁz +/6nﬂ-(1an—;)> .
2=0

Note that, using the assumption that 7 < G/BHy and (2), we have that

n—1
Py—Ry=(1—-H))J— & +5 C+7r(H2)ZBZ+B””(%§2)+T>
z=0

n—1
_W(HO) - ,8 (W(H2) ZBZ + Bn TF({IHE2)>

2=0
= (17H0)5*H£0+BC+BT*7T(H0)
< (1= Hy)0+ pBC —7(Ho)

< C.
Thus, there is no incentive for development in period 0.
Equilibrium payoffs
Regarding the period t potential residents for ¢ > n + 1, the logic from the equilibrium with debt

applies. Thus, if  exceeds (1 — H,,,2)0, it is the case that

0+ B(Hn+2) * (1 — ﬁ)Pn-l—l ]

V =
ot 1_PJ6

(A12)

If 0 is less than (1 — Hn+2)5, a period ¢ potential resident obtains a payoff of zero.

Next consider the period ¢t = 2,...,n potential residents. We claim that, if 8 exceeds (1 — H)0,

such a household gets

—t

n—t
(1B)" =PiA-(1—p) 8 1(uﬁflfﬁw'+£ﬁé%—7§%il

(A13)

3

0+ (u8)" " B(Hyys)
1—puB

M1

Vor = +B(H>)

Il
=)

z 4

To prove this, we first show that the formula is true for ¢ = n. We then show that if the formula
is true for ¢t + 1 where ¢t € {1,...,n — 1}, it must be true for ¢.

Consider then a period n potential resident for whom 6 exceeds (1 — Hs)f. Such a household
purchases a home in the community in period n. In period n + 1, if they remain in the pool, they
enjoy a continuation payoff which is equal to Vj, 1 except that they avoid the cost of buying a
house. Thus,

Von :6+B(H2) _Pn+ﬁ[u(‘/9n+1 +Pn+1)+ (1 _M)Pn-&-l]'

10



Using (A12), we can write this as:

_ 0+ pBB(Hpy2)

Vin
’ 1—pup

+ B(Hy) — Py +(1— )3 (f—iw .

This establishes that the formula is true for ¢ = n.

Next assume that the formula is true for ¢t 4+ 1. Consider a period ¢ potential resident for whom
0 exceeds (1 — Hg)g. Such a household purchases a home in the community in period ¢. In period
t + 1, if they remain in the pool, they enjoy a continuation payoff which is equal to Vpi41 except

that they avoid the cost of buying a house. Thus,
Vor = 0 + B(Hz) — Py + BuVysy1 + BPry1.
Using the assumption that the formula holds for ¢t + 1, we can write this as:

4 "~t*B(H, n—t—1 z
SRl —BUs2) 4 B(H,) Y225 ()

Voo = 6+ B(Hz)— P+ Pu o + B8P
Pt (1= )8 [0t (uB) " Py + W2
n+1—t n—t n—t n—t
_ 0+ (Mﬂ)l _ MBB(Hn+2) + B(Ha) Z (W)Y — P+ (1— )3 [Z (1B L Py + (#51) _ 'ugnﬂ
z=0 z=1

This establishes that the formula is true for ¢ if it is true for ¢ + 1. We conclude that (A13) holds.

Continuing with the period ¢ potential residents, if 6 is between (1 — H,,;2)0 and (1 — H3)0
such a household purchases a home in the community in period n + 1 if they remain in the pool
at that time. In this case, they enjoy a continuation payoff equal to Vj, 1. Thus, Vy; is equal to
(B)" T Vynya. If 0 is less than (1 — H,42)d, such a houschold has a payoff of 0.

Next consider the period 1 potential residents. If 6 exceeds (1 — H,)f, such a household
purchases a home in the community in period 1. In period 2, if they remain in the pool, they
enjoy a continuation payoff which is equal to Vps except that they avoid the cost of buying a
house. Thus,

(Hy — Hy)

Vo1 = 60 + B(H.
01 + B(H)+T1 2

— P+ 8 u(Voea+ Po)+ (1 — p)Po] .
Using (A13), we can write this as:
‘/91 — 9+(”B€iﬁé}[n+2) _|_ T(HQI';QHO) _ Pl

+B(H) 153 ()" + (1= w)B [L10] ()" Pry + WA ]

(A14)

11



If 0 is between (1 — H,,12)0 and (1 — H»)@ a period 1 potential resident purchases a home in the
community in period n + 1 if they remain in the pool at that time. In thsi case, they enjoy a
continuation payoff equal to Vg, 1. Thus, Vg is equal to (Bu)" Voni1-

Next consider the period 0 potential residents. If 6 exceeds (1 — Ho)a, such a household
purchases a home in the community in period 0. In period 1, if they remain in the pool, they
enjoy a continuation payoff which is equal to Vp; except that they avoid the cost of buying a
house. Thus,

G
VHOZQ—FO—P0+5[M(V01+P1)+(1_,“)P1]-

Using (A14), we can write this as:

n+1 _
Vgo = LN ZDUsa) | B(,) S, (uf)” + purlzzt)l — G p

H— )8 [0 (4)° Pro + W8V ]

(A15)

If 6 is between (1 — H3)f and (1 — Hy)@ a period 0 potential resident purchases a home in
the community in period 1 if they remain in the pool at that time. In this case, they enjoy a
continuation payoff equal to Vp;. Thus, Vpo is equal to SuVyr. If 0 is between (1 — Hm_g)@ and
(1 — H3)0 a period 0 potential resident purchases a home in the community in period n 4+ 1 if they
remain in the pool at that time. In this case, they enjoy a continuation payoff equal to Vi, 41.
Thus, Vpg is equal to (B,u)"+1 Vons1. If 0 is less than (1 — H, )0, a period 0 potential resident
obtains a zero payoff.

The final cohort of residents are the initial potential residents. The initial residents; i.e., those
for whom @ exceeds (1 — Hy)f, own a home in the community. If they remain in the pool in period

0, they enjoy a payoff equal to Vo except that they avoid the cost of buying a house. Thus,
Vo =1 (Voo + Po) + (1 — p) Py = Vo + Po.

The initial potential residents for whom @ is between (1 — H5)6 and (1 — Hy)@ do not own a home
but purchase a home in the community in period 1 if they remain in the pool. In this case, they
enjoy a continuation payoff equal to Vpy. Thus, Vy = pfSuVyr. If 0 is between (1 — Hn+2)§ and
(1— Hg)@ an initial period potential resident purchases a home in the community in period n+1 if
they remain in the pool at that time. In this case, they enjoy a continuation payoff equal to Vi, 41.
Thus, Vpg is equal to M(ﬁu)”“ Vons1. If 0 is less than (1 — H,41)0, a initial period potential

resident obtains a zero payoff.

12



Finally, consider the landowners. Those with land of productivity = between 7(Hy) and m(Hs)
sell their land in period 1 and obtain a payoff of 7+ R;. Those with land of productivity 7 between
7(Hs) and 7(H,42) sell their land in period n + 1 and obtain a payoff of 7 >_"_ 8% + "1 R, 1.
Landowners with land of higher productivity never sell their land for building and just obtain a

payoff /(1 — f3).
Proof of Proposition 5

Let {H/ |, P}, R;}2, be an equilibrium with debt D in the form of n period bonds. We need to
show that {H}/ |, P, Rf}22, is an equilibrium with n period development tax 7 where the tax
7 and price sequence {P,}52, are as defined in the statement of the Proposition. There are three
possibilities to consider: the equilibrium with debt involves development in periods 1 and n + 1
(H5 > Hy), development in only period n + 1 (H3 = Hy and H , > Hp), or no development
(Hy .5 = Hp). We consider each in turn.

Suppose first that there is no development. Then we know that

(1 — Ho)f + B(Hy) m(Ho
-3 sC+T75

~

. (A16)

Moreover, H/, | equals Hy for all t. The price of building land in each period equals 7(Hy)/(1—/3).

The price of housing in periods ¢ > n + 1, is equal to

1 — Hy)0 + B(H,)
1-3 '

pr_

For periods t =1,...,n

. (1—Hy)0+B(Hy) =, R(D,n)

For period 0, we have _
(1-Ho)0+ BB(Ho) G
1-53 Hy'

P =

To show that {H}, , P, R;}9°, is an equilibrium with n period development tax 7* where the
tax 7* and price sequence {f’t};ﬁo are as defined in the statement of the Proposition, the only
thing to verify in this case is that the housing prices are equilibrium prices. This requires that in

periodst=1,...,n B
~  (1— Hp)0 + B(Hy)

P =
t ]-_B

13



But we know that for t = 2,...,n, since H5 = Hj, we have that

" n+l— t

P = pt*_|_77— %Z_l 5
(1= Ho)8+ B(Hy) <= .,.R(D,n) X078
- 1-6 ;)6 HO i Zz:lﬁz

Thus, we need to show that

* n+1 t
T Z Zﬁz

Zz I/BZ
We have
,7_* Zn+1 tﬂz Dzn+1 t
S BF Hoyl /BZ“
and

Z g RO MG FD By 8D | 38D DY
0

Hod 0oy B> HoBY T, B*  HoXl_, B HoXll_, ﬁz“'

Thus, the desired equality holds. Moreover, for period 1 we have that

(1— Ho)0+ B(Hy) ‘=

1_ Zﬁz DTL 4

ﬁ1:P1*+T*:

Thus, we need to show that

n—1
. - R(D,n)
T —;5 o

‘We have

and

Z g RDn) UL 6°D B3NS D YIS AMD DY 60 D
0 Hy ZZ:1 p* Hop 22:1 p* Hy 22:1 gt Hy 22:1 gt fHq
Next suppose that there is only development in period n + 1. Then we know that
(1— Ho)G + B(Ho) <H0> (1 — Ho)0 + B(Ho) — Mg
>C+ o, (A17)
1-5 5 1-5
The housing level H}  , will satisfy
(1-Hy 50+ B(H; ) —C4 m(Hy o)
1-p 1-p5
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and for all t > n+2, Hf = H} ,. In addition, for all t > n +1

m(H )
P* — n+2 )
y=C + ——5 ~ 5
Furthermore, Hf, | equals Hy for all £ = 0,...,n. Prices for periods ¢t = 1, ...,n equal
— R(D,n)\ <= _ m(Hr,5)
P* — l_H B H _ 9 z n+1—t n+-2
e e N
n—t
— z n+1— tﬂ-(H 2)
R, = Ho;ﬁw =5
Period 0 prices are
- G-D m(H ., 5)
Py = (1-Hp)o— 1— H B z n+tl —"‘*‘2
= == S () - SRS e (0 T
n H*
Ry = w<H0>+w<Ho>ZBZ+ﬁ"+L 1)

z=1 1- 6
To show that {H}, , P, R;}22, is an equilibrium with n period development tax 7* where the
tax 7* and price sequence {]St}toio are as defined in the statement of the Proposition, we first need

to verify that there is only development in period n + 1. This requires that

n—1
_ (1—Ho)0 + B(Hy) — 1)y B?
(1 - Ho)0 + B(Hy) -4 m(Ho) N ;)
1-p 1-8 = 1-5
This follows from the fact that
R(D,n)

n—1
/Y B> =D/Hy Zﬁ”l D/HOZBZ— T
z2=0

In terms of prices, we require that in periods t =1,...,n

B= (1 )0+ ) 37+ e (o4 D)),
z=0

But we know that for t = 1,...,n, since H5 = Hj, we have that

_ B i e Zn+1 tﬁz
P = P+ 72221 5
~ (- B R(D,m) ST ( w<H;:+z>) DD

Thus, we need to show that

Tzn+1tﬁz 'rLtZ Dn)
ZzZI 52 Zﬁ HO

15



which is true. Moreover, for period 0, we require that

Po (1= Hf S (1~ HolD+ B) Y5+ 01 (0 K2l

z=1

‘We have

G-D

0

Py =Py = (1—Ho)f— + ((1 — Ho)f + B(Hy) — —R(§;")> > st (0 + —”(HZH)) :
z=1

1-8
Thus, we need to show that
D . R(D,n)
T S
z=1
which is true.

Finally suppose that there is development in period 1. Then we know that

_ 9 _ R(Dn)
it (=Pt~ 2 "

Housing level H};, , will satisfy

C+

(1-Hyy2)0+ B(H; ) —C+ m(Hy o)
1-3 1-5
and forallt >n+2, Hf = H,,. Forallt >n+1
* 7T<H;;+2)
Pf=C+ 5

In addition, Hf,; equals Hj for all £ =1,...,n, where

R(D,n)

(1— H3)0 + B(H}) — 75

— C(1 - B) +n(H3).

The prices of housing and building land in periods ¢ = 1, ...,n are as follows:

* *\7) * R(D,TL) = z n+1— ﬂ-(HT’;‘FQ)
P = (u—f5w+Bug)— 75 );;ﬂ443“t(0+—T—EJ
n—t
* o * z n — W(H;:+2>
R; = W(HQ);B + T

In period 0 the prices are

P = - S (- mp e po) - SR ) S (04 T
0 2 po B
Ry = nlt)+ ()Y e+ o D),

z=1
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To show that {H}, ,, P, R;}22, is an equilibrium with n period development tax 7* where the
tax 7* and price sequence {E}fio are as defined in the statement of the Proposition, we first need

to verify that there is development in period 1. This requires that

n—1
(1— Ho)0+ B(Ho) — 7%/ Y _ B
C+ 71—(]:IO) < z=0
1-p5 1-3

This follows from the fact that

n—1 n—1 n R(D TL)
™/ 3B = D/Ho Y 5 = D/Hy Y 57 = =5
z=0 z2=0 z=1

In terms of prices, we require that in periods t = 2,...,n

n—t *
P (- )0 + Bp) Yo+ oo (04 T )
z=0

But we know that for ¢ = 2, ..., n, we have that

_ *H Z7z+1 t
P, = P+
! ¢ Zz:l ﬂz
_ R(D,n)) oy - ( W(H;;H)) T Ho St
= 1—H)0+ B(H}) — ——2—= z 4 gnt C+ + .
(- 09+ o) - 2L > s ) T
Thus, we need to show that
*HO ST .
T s Wi o
which is true. For period 1, we require that
n—1
~ = HS — Hy m(Hy )
Py = ((1-H3)0 + B(H; P22 pn —nt2 )
= (( )0 + B( g);}& +7 i +8 <C+ 3
We have that
D p* * z n <H’ﬂ+2) *
P =P +7 =((1-H;)0+B(H;)— ZB +8 )T
Thus, we need that
* H; B HO o z
T = B
The left hand side is equal to
*HS_HO_* HO x % D
T o T 3 Tt =1T I



The right hand side is equal to

n—1 n—1 5z
T*_R<D7n)26z:7_* DZz:Oﬂ ok D

T

;2 H; Y., p° BH;
For period 0, we require that

Py = (1= HT — -+ (1~ Ho)T + B(Hy)) T o+ T2,

‘We have

G-D
0

Py =P = (1—Hg)0—

((1 — Hy)0 + B(Hy) —

Z gz4pmt (¢ M
1-p '
Thus, we need to show that

ZBZ :
z=1
which is true.

It remains to show that agents have the same payoffs in the two equilibria. This is immediate
for period t > n 4+ 1 potential residents and for landowners. We therefore focus on the period
t = 0,....,n potential residents and the initial residents. Consider first the period ¢ potential
residents for ¢ € {2,...,n}. In the equilibrium with debt {H}, |, P;", R} }£2,, if 0 exceeds (1— H3)0,

such a household gets a payoff

v _ 0+wB) T B(Hy ) % R(D,n - X
Vg, = S P 4 (B(H) - Bp) Y () — B

n— 2—1 (pB)" Py
+(1 = p)p [Zz:f (uB)* ™ Pr. + Mliwﬂ] :

n+1-—t

If 0 is between (1—H_ ;)0 and (1—H3 )0 a period ¢ potential resident obtains a payoff (Bu) Vnt1

In the equilibrium with development tax 7* {H}, , P, R¥}22,, if 0 exceeds (1—H3)0, such a house-

hold gets

B 9 n—l—l—tB H* n—t ~ nt 1= n

Vo = +(MB)1—MB( n+2)+B(H§)Z(Mﬂ)Z*PﬂL(l*“W > (B Py + (uﬂl)—uﬁ -
2=0 z=1

If 0 is between (1 — H}:,,)0 and (1 — H3)0, Vot is equal to BuVyni1.
Since Vogny1 = Vi 11, payoff equality holds for 6 less than (1 — H;,,)0. For 6 greater than
(1 — H,,)0 we need that

=4 n— z—1 75 "_t~n
Bt (1 B[t (4B B+ B P
—tp*

R Y () = P+ (L= )8 [0 (uB) ! P+ ]
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Since ﬁn+1 = Pj ., this equality reduces to:

—t

3

n—t

D z—1 35 R D,TL z — z *
Bt (=B B P = DN (g By (1B w8 P
z=1 2 2=0 z=1
‘We have that
—Py+ (1= B2 (1B) Pry
* * H, n:rllft B n— " 7*H, 71211472 Jiid
= —P; - Tt 4+ (- B T (u8)° ™ (Pry + et ).
We therefore require that
*H Zn+1 tBZ n—t . *H() Zn+1 t— Zﬁw R(D TL) n—t
+ (=B (uh) =-—0 (nB)*
Zz:l BZ ; Zw:l /Bw H2 2=0
We have that
*H Zn—l—l t n—t . *HO Zn—l—l t— Zﬁw
+ 1 =p)B ) (uB)
Zz:l ﬁz ; Zw:l Bw
’ H n+1—t n—t n+l—t—=z
0 z w
= - Z BF—(1=wBY )™ DY B
Zz 15 z=1 w=1
n+l—t—=z

n+l—t
(S -
We now show that
n+1-—t

note first that

n+1—t

Y -(1-wBY (s
Z_:+1 t B
lz Ft = (- p)

- 8|S -So

To prove this,

n—t

IS

n—

z=

’I’L

z=1

In addition, we have that

n—t n+l—t—z
D7 D D
iLilt uv)L—lt—l n—t—2
= ZB’“HMB) Z B+ (uB)? Z B +

n—t—1

1_

S B (- e S ()
z=1 z=1

> (B
o

Zﬁw+u26w+m Z B+ u’p? Z B+ u'p? Z B +

w8 i B Y Bw> -

( (uﬁ)z> :

n+l—t—=z

> opr=8
w=1

I
=)

n+1tz

DR
WS

ﬁwﬂbz puB)*~

t

n+17t7z
Uy e
w=1

n—t—3
3 Z Bw‘i‘

n—t—3

n—t—4

4 Z BY... +
2
nftfl/bmft72 /Bw

,B)H_t_l B

n—t—2
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and

n—t n+l—t—=z
uz (7 ) Z B
n—t—1 n—t—2 n—t—3 2
= u Z 611) +M2ﬂ Z 611) + M362 Z Bw +:U'4B3 Z 611) Mn7t716n7t72 Z 611) + Nlnftﬁnftflﬁ.
w=1 w=1 w=1
Thus,
n—t n—t n+1 —t—z n+1—t—z
A7 =3 (uB) Z ﬁ“’ﬂbz )" Z B
Z_(z - t n—t—1 n—t—2 n—t—3 2
— ﬁz (Z 5 +u Z 5111 +,U‘26 Z ﬁw + MBBQ Z ﬂw + M4ﬂ3 Z 5111 ) n—t—lﬁn—t—Z Z 6w>
z=0 w=1 = w=2
n—t—1 n—t—2 n—t—3
+ [ p Z ﬁw + MQB Z Bw + MSBZ Z ﬂw + N4B3 Z ﬁw . n—t—lﬁn—t—Q Z ﬂw + un—tgn—t—lg)
n— n—t—1 n—t—1 n—t—2 o n—t—2
= Zﬁz Zﬁw-i‘MZﬂw—,uZﬁw-Hl s Z BY — i’ Z BB Y B —ptst Y B
z=0 w=1 w=2

n—t—3 n—t—3

2
+M4ﬁ3 Z Bw _ 463 Z 5111 o+ Mn t— 1ﬁn t—2 Z ﬁw _ n t—lﬁn—t—Q Z Bw + Mn_tﬁn_t_lﬁ
w=1 w=2

3
L

= (uB)?

)
Il
=]

as required.
Next consider the period 1 potential residents. In the equilibrium with debt {H/, , P}, Rf }32,

if 6 exceeds (1 — H3)0, such a household gets a payoff

0+(uB)" B(Hy, 1 5) n n— P *
Vg = A D) (B(HQ) A ))Zz:()l(:uﬁ) - Py

n— z— % B8 71P:L
(- w8 [0 (uB) T P+

If 0 is between (1—H; ,,)6 and (1—H3 )6 a period 1 potential resident obtains a payoff (8u)" Vi, ;.
In the equilibrium with development tax 7* {H;‘H,JBt,RI}tOiO, if 6 exceeds (1 — H3)0, such a

household gets

Vo = 9+(~51>ii/<3f1;+2> _|_T(H§H*5Ho) )

+B(HS) X200 (1B)° + (1= ) [S02) () Prys + W2 o]

If 0 is between (1 — H:L+2)§ and (1 — H3)0, %t is equal to Bu%nﬂ. Since %n+1 = Vg, 41, payoff
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equality holds for 6 less than (1 — H}:,,)0. For 6 greater than (1 — H},,)0 we need that

7 (H;I;;HO) - ]51 + (1 - :U)B [Z:;ll (‘uﬁ)zfl §1+z (e /3)1 H6n+1}

A 57125 (1B)* — Pf + (1— ) [2:;11 (uB)* ' Py, + %} ,

Since ]5n+1 = Pj ., this equality reduces to:

i H: — H . n—1 L~ R D,n n—1 : . n—1 L .
P B s Y w8y B = PPN ) BB Y ) B
2 z=1 2 z=0 z=1
We know that
H; — H, ~
T*(i(ﬁ P1+ 1—p 52 Mﬁ p1+z

H;

H z—1 T*HO Zn:zl /Bw
= P+ (1 =pp ) (ub) Pl +— &
H2 ' ZZ:; e H2 Zw:l 61”
We therefore require that
1

CTHO LB R e (THOSLT Y R(Da) R
TSN + ( u)B;(uﬁ) (HSZZ_15W> 75 ;(uﬂ) .

We have that

H2 Zz:l ﬁz H2 Zw:l Bw

*

n—1 n—z
= - ZHO 2 (ZB 1—#)62(#5)“25“’)
n—1 n—z
= - BH* (Zﬁz— 1—u)ﬂ2(uﬁ)“25w>.

As shown above, it is the case that
1
(uﬁ)2> :

n n—1 n—z
SETEE) W S|
z=1 z=1 w=1
Next consider the period 0 potential residents. In the equilibrium with debt {H/, , P}, Rf }32,

* n z n—1 * n—z pw
ST B (s Y (ue) (—T M2t )
z=1

n

Il
<

z

The desired equality therefore follows.

if 6 exceeds (1 — Hy)@, such a household gets a payoff

« _ O0+WwA" T BH: ) R(D,
‘/90 - £ T—18 —= + (B(HQ) (Hzn)) Zz 1 (I’I’/B)

n— Z px (uB)" P,
+(1— W)B [TI5) (uB)" Piye+ ”1_%3“]

- Fy
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If 0 is between (1 — H3)0 and (1 — Hy)# a period 0 potential resident obtains a payoff equal

to BuVy;. If 0 is between (1 — H;,,)0 and (1 — H3)0 a period 0 potential resident obtains a

n+1

payoff equal to (Bu)" " Vy: ;. In the equilibrium with development tax 7* {H}, |, P, R} }22,, if

6 exceeds (1 — Hy)f, a period 0 potential resident gets

~ 0 "TIB(H
‘/:90 _ Jr(l’«ﬂ)l_uﬂ( n+2) + B(H2)Zz 1 (MB) +/6MT _HZLO) _ HQO _ PO

(1= )8 [S05) ()" Py + W3 Tsa]
If 0 is between (1 — H3)0 and (1 — Hp)@ a period 0 potential resident obtains a payoff equal to
BuVyy. If 6 is between (1—H;,,)0 and (1 — H3)0 a period 0 potential resident obtains a payoff
equal to (Bp)" ™! Von1.
Since Vp; = Vyy and %n+1 = Vg 41, payoff equality holds for 6 less than (1 — H)0. For
0 greater than (1 — H)0 we need that

n—1 n o~
Hy — H, ~ P,
6,“7-* ( 2H* 0) P() + 1 o Z P1+z + (luf)_ MB+1
2 z2=0
R(D.n)~, ., D = (uﬁ) (#8)" Py
3 ; (1) H il ;) 1+ — 1B

Since ﬁnﬂ =P}, and ]30 = Py, this equality reduces to:

Hi — H, = R(D,n) & ., D =, -
ﬁ/ﬂ'*% +(1- Mﬁz pB)* Py, = — %Z(Mﬁ) +FO+(1_“)BZ(“B) Pl
z=1 z=0
‘We know that
Hy — H, = 5
mw*(?T;O) 1= wBY (uB) Prs
z=0
H; — H, Lt Y “Ho Y w1 B
= BMT*(QT%‘O)—'—(I_M)B Pf+7*+ZZ:1(M/6) 1<P1+Z+T*OZZ:%>‘|'
Should be
H; — H —
BW*( NE o) | (1=mB Y (1uB)" Prys
2 z=0
H; — H =S “Ho s BY
= e B (-8 | P 7 4 3 (9 <P++TH°ZZT1£>]

Thus, we need to show that

* (H; — HO)
Hj

Bur +(1—p)




or, equivalently, that

Br* — ﬁm

I n—z pw n
(= 62 z(—*@w—lﬁ):—m’”) (uB)" + —-.

H2 ZwZI /Bw

Using the definition of 7*, this becomes

G g+ (1= 62 (u)” (—T*f°§w:15w>=—R(D’”> ()’

H2 Zw:l ﬂw H; 2=1
g T HOSI B RS “Ho 3 B
B,LL H* szl 62 + ( )6 ZZ:; (lu‘ﬁ) ( Zw L Bw >

= TZH°1 iz (BMZBZ 1—#)BZ(#5)ZZB“’>
- 2 (6 Zﬁz 1—u>ﬁ;<uﬂ>zw§ﬁw>

We need to show that
n n—1 n—z n
Buy B = (=B (uB)* Y B =5 (uB)*
z=1 z=1 w=1 z=1

To prove this, note first that
Miﬂz - (1= u)ﬁnz:;l (nB)” Tiﬁ“’
= [ﬂuZﬂz P (1~ f(w)znfﬁw]
= 6[@;62 Zl (uB)* Zﬂuu"zl (uB)* Zﬂ”]

In addition, we have that
n—1 n—z
> B B
z=1 w=1
n—1 n—2 n—3 n—4
= (uB) Y B+ B D B+ (uB) D B+ (uB) D B+ (uB) Z BY..+ (up)" B
w=1 w=1 w=1 w=1

n—1 n—1 n—=2 n—s 9
= (uB) DB+ uBY B ptH Yy BTty B+ st Z BY 4 2y g
w=1 w=2 w=2 w—=2 2 =

n—1 n—z
py (B B8
272_1 o n—2 n—3 n—4 2
— MQ/BZBM+M3BQZﬁw+u4ﬁ3ZBM+MS/B4Z/Bw+""+/”’n716n722/6w+:unﬁn716-
w=1 w=1 w=1 w=1 w=1
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Thus, we have that

WS GBS 8 = S (B S B = — (uB) 387+ () o+ ()"
z=1 w=1 1 w=1 w=1

z=

It follows that

n—1 n—1 n—z n—1 n—z
Bud B =Y (B Y B +ud (uB) > 8"
2=0 z=1 w=1 z=1 w=1

2=1
as required.
Finally, consider the initial potential residents. In the equilibrium with debt, the initial resi-
dents get V" = pVy,+Fy, while in the equilibrium with a development tax they get ‘Nfg = MN/gO —|—.50.
We know that ﬁo = P and we have just shown that ‘790 = V4. Thus, these payoffs are the same.

The same logic applies for the remaining initial potential residents.

Implications of Proposition 5

Ricardian Equivalence

Proposition 6 Suppose that debt takes the form of bonds that have an n period maturity. Then,
Ricardian Equivalence holds if and only if S(Hp) < 0.

Proof of Proposition 6 Suppose first that S(Hy) < 0. By definition, Ricardian Equivalence
holds when the payoffs of all agents in the equilibrium with debt D in the form of n period bonds
do not depend on D. Consider a particular level of D > 0. By the Proposition there exists an
equilibrium with n period development tax 7 = D/BHy in which the payoffs of all agents are the
same as in the equilibrium with debt D. Note that in this equilibrium there will be no development

since
(1 — Ho)0 + B(Hy) m(Hop)
-3 <CtTop

Thus, the equilibrium will be exactly the same as that which would arise if the project were tax

financed and there were no development tax: i.e., the equilibrium with n period development tax

0. This equilibrium is obviously the same as the equilibrium with debt 0. Accordingly, all agents’
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payoffs in the equilibrium with debt D are the same as those in the equilibrium with debt 0 and
Ricardian Equivalence holds.

For the converse, suppose that S(Hy) > 0. Note that in this case, the equilibrium with n
period development tax 0, would involve development taking place in period 1 and the housing
level Ho(0), satisfies S(Hz) = 0. Now consider a particular level of debt D > 0. By the Proposition
there exists an equilibrium with n period development tax 7 = D/SH( in which the payoffs of all
agents are the same as in the equilibrium with debt level D. In this equilibrium, development will

take place in period n + 1 and possibly in period 1. The housing level emerging in period n + 1,

n—1
H,, 42, will equal H2(0). The housing level emerging in period 1 will equal Hy if S(Hp) < 7/ Z 8%,
2=0
or will equal Hs(7) where
TH,
S(Hy) = n_l_o
p*Hy
z=0

Since S(H) is decreasing, Ha(7) < Hz(0). This means that, while the housing level will eventually
be the same as in the equilibrium with 0 development tax, development will be delayed. This
will impact some agents payoffs and thus payoffs of agents in the equilibrium with n period
development tax 7 are not the same as those in the equilibrium with n period development tax 0.
It follows that the payoffs of all agents in the equilibrium with debt level D are not the same as

those in the equilibrium with debt level 0 and thus Ricardian Equivalence does not hold. |

Optimal debt

Proposition 7 Suppose that debt takes the form of bonds that have an n period maturity and that
Ricardian Equivalence does not hold. Then, if S(Hy) < —HyB'(Hy), no development is optimal
and any debt level at least as big as min{G, HyS(Hy) Z?Zl Bt} is optimal. If S(Hy) > —HoB'(Hy),
the optimal amount of development is H°—Hy and the optimal debt level is min{G, — (H°)* B'(H°) S B}
Proof of Proposition 7 Welfare in an equilibrium with debt D in the form of n period bonds,

can be written as

0 T -
W =BCHy ~ G+ [y 0% + L[ g, ™55
+3 B (fg(lng) (6 +B(Hz)) € + L fj(Hz) mdT — %(Hﬁ) + /" OH, (A19)

ﬂn+1

7 T -
t1s (fé(anH) O+ B(Hni2)) F + L [, 7555 — C(1— B)Hn+2) :
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Here Hj is the size of the community in period 1 and H,, ;2 is the long run size of the community
which is reached in period n + 1. The planner cannot control H, o with debt, because all debt is
repaid by then. Thus, all the planner can influence with debt is Ha.

Observe that the first derivative of welfare with respect to Hs is

Xn:ﬂt {(1 — H>)0 + B(H>) + HoB'(Hs) — m(Ha) — C|+ B,

t=1

_s
i B

while the second derivative is
n _
> B [0+ 2B'(Hy) + HyB"(H,) — 7' (Hy)] < 0.
t=1

It follows that welfare is concave in Hs. Accordingly, if

B ﬂn-ﬁ-l
Y B T B

the optimal level of Hs from the planner’s perspective is Hy and no development in period 1 is

(1 — Ho)g-i- B(H()) + H()BI(H()) < C( ) + 7T(H()), (AQO)

optimal. Otherwise, some development in period 1 is optimal and the optimal period 1 community

size satisfies the first order condition

B /@m—l—l
POHIEYCLIND DYk

(1 — H3)0 + B(Hs) + HyB'(Hs) = O( )+ m(Hy). (A21)

Note that (A20) is equivalent to

ﬁ ﬁn+1
Y B s

S(Ho) < —HoB'(Hy) + C( )—C(1-5)

which is equivalent to

S(Ho) < —HoB'(Hy).

Similarly, rewriting (A21), the optimal period 1 comunity size satisfies
S(H)=—-HB'(H), (A22)

and thus is equal to H° as defined in Proposition 3.
Suppose first that no development in period 1 is optimal. In an equilibrium with debt D in

the form of n period bonds, there will be no development in period 1 if

(1= Ho)f+ B(Ho) - S «(Hy)
1-5 = 1-48°
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Thus, any debt level such that

R(D,n)
Hy

> (1= Ho)0 + B(Ho) — C(1 — ) — n(Ho),
will result in no development. This condition is equivalent to

n
D > Z/BtHOS(HO)

t=1

If
G <> B'HoS(Ho),

t=1

then the planner cannot eliminate period 1 development through debt financing. Nonetheless,
the best strategy in this case will be to fully debt finance, since this will minimize the amount of
development. The optimal debt level in this case is therefore any level at least as big as
n
min{G,» ~ 8" HyS(Hy)}.
t=1
Now suppose that some development in period 1 is optimal. In an equilibrium with debt D in

the form of n period bonds, if there is development, the level will satisfy

(1 - Hp)f + B(Hy) — *F o )
1-p 1-p"
or equivalently
(1~ H2)0 + B{H) ~ () = 01 - ) + 01
Thus, the optimal debt level is such that
(1— H%)G + B(H®) — n(H°) = C(1 - B) + R(ggn)

This implies that
R(D,n)
Ho

= S(H°),
which means that

D= i,@’tH"S(HO).

t=1
Given (A22), this is equivalent to

D=—(H°?B'(H)Y p".
t=1
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If
G<—(H°’B'(H*)Y_p,
t=1

then the planner cannot achieve the optimal level of period 1 development through debt financ-
ing. Again, the best strategy in this case will be to fully debt finance since this will minimize
the amount of excess development. The optimal debt level in this case is therefore equal to

min{G,—(lLfo)2 B'(H) >\, B'}. u
Equilibrium debt

Proposition 8 Suppose that debt takes the form of bonds that have an n period maturity and that

Ricardian Equivalence does not hold. Then, if

n

Z B — >, (ﬂﬁ)t
S(Hy) < —HoB'(Hy) + | =2 — GH,, (A23)

2.
z=1

n

the initial residents prefer no development and any debt level at least as big as min{G, Z BtHoS(Hp)}

is an equilibrium debt level. If condition (A23) does not hold, the initial residents prefer a level of

development HS — Hy, where HS satisfies

Zﬁt — B (M/B)t
S(HS) = —HB'(HS) + (0 + n'(HS)) (HS — Ho) + | =2 — GH,,  (A24)

>0
t=1

and the equilibrium debt level is min{G, ZBtHfS(HS)} The equilibrium debt level is at least as

z=1
n
high as the optimal level and strictly higher when the optimal debt level equals — (H®)* B'(H®) Z Bt
Proof of Proposition 8 We solve for the initial residents’ preferred development tax and then use
Proposition 5 to infer the equilibrium debt level. Given that Vy = uVyo + Py and the expression
for Vyo in (A15), the initial residents’ optimal taxation problem can be posed as choosing a

development tax 7 to maximize the objective function

0 "+tlB(H, n Hoy—H,
+(MB)17MB( +2) —|—B(H2) 22:1 (,u/@) +BMT( 2— 0) HQO_PO

max /4 + Py, (A25)
(- 0B [ S8 (uB) Prs + ”)—5}
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where the housing levels Hy and H,, o and the prices F, {Pt}?:p and P, are those arising in
the equilibrium with n period development tax 7. We know that H,, o and P, are independent
of the tax 7 and can thus be treated as constants.

Let

=)

(1— Ho)d + B(Ho) _ C+ m(Ho)

15 15"

n—1 :

> B(1-p)

2=0

From (A9), there will be no development if 7 > 7. All tax rates higher than 7 will yield the same
payoff as T since there will be no development and no revenues raised. Thus, these tax rates can
be ignored.

If 7 < 7, there will be development. From (A11), the level of development will be such that
_THy

n—1

> B*H,
z=0

(1 — H5)0 + B(Hy) = C(1 — B) + n(Hy) +

This implies that

—1 —
S (HQ [(1— H2)0 + 19(11[]2;O C(1 - B) — m(Hs)] ) | (A26)
z=0
Note that .
7= B ((1— Ho)0+ B(Hy) — C(1 - B) — m(Hy)), (A27)
z=0

so equation (A26) also holds for 7 = 7. From the analysis in Section 10.7.1, the price of housing

in periods n + 1 and beyond is B
(1 — Hy)0 + B(Hs)
1-p '

As discussed in Section 10.7.1, the price of housing in periods t = 2, ..., n, is

P, =

b= ((1 - H2)§+B(H2)) niﬂz 4 gnti-t (C+ 77(1H7ngg)> 7

the price of housing in period 1 is

n—1 n—1
2 anT(Hnyo) > . T(Hy—Ho) T(Hpq2)
P :CJFW(HQ)ZX::Oﬁ +5 ﬁﬁLT: ((17H2)9+B(H2));B +T+5 C+W .
and the price of housing in period 0 is
_ 7 G - z nﬂ-(Hn-‘r?)
Py = (1—Ho)0—F0+ﬁ<C+7r(H2);)ﬂ + 8 ﬁ-i—T

- G
(1~ Ho)f — 3+ 0P
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We now substitute these into the objective function in problem (A25). Ignoring constants and

variables not influenced by 7, this can be written as

u <B<H2> > o) + g ) 1 s [Z (4B)" Prs ) LR (A%)
z=1 =0
Note first that
n—1
S (B Pz = Pit (uB) Pyt et (uB)" ' Py
2=0
n—1
= (=T ) 3 5+ T e (o4 Tl
z2=0
n—2
+ (1B) (((1 — Hy)0+ B(Hy)) Y B+ 8" (c + n/+62 )
z=0
n—3
+(,Uﬂ)2 (((1 — H2)9+B H2 Zﬁz + 8" 2 (C+ (Hn}2)>>
z=0
+(uB)" (((1 — H,)0 + B(Hy)) + 3 (c 4 Wﬁ?)))
Thus,
Z_: (,UB)Z P1+z
z2=0
7(E&‘*}%) nl . n—-2 . Qn_3 B n_ln—n .
= o +((1— H2)0 + B(Hy)) Zﬂ uﬁ);ﬁ + (uB) Z(:)B F o+ (uB) Zoﬁ

+ (C + 77(1H—7732)) [ﬁ" + (uB) 8"+ () B A (uB)" B}

This means that
n—1

w(l—p)p Z (1B)” Pr-
z=0

T(E&-—_Hb)

= w(l—p)B T

+u(1 — )8 (1 — Hy)8 + B(Hy))

n—2 n—3 n—n
ZBZ (148) " B + (uB) 3 B+ ot (1) zgz]
z2=0 z=0 2=0

Fp(l =) <C + YI#EZ)) [,6" +(uB) B 4+ (uB) B+ o+ (uB)" ! ,3}

= - M)BT(HQT;HO) = @B (1~ BB+ B) Y. | (u8)' ™! iﬁﬂ

n—1

Fu(l—p)B < THni2) > > (B s

=0
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Furthermore, we have that

Po(1—p)
~ - (a-mp- 1)
= -w <<1 ~ Ho)f — Hﬁ) +(1 - pp )
1= 8 (1~ H2)P + B(IE) ZOB c - (04 S22
Thus, objective function (A28) is
1 (B(Hz) il (uB)” + ﬁm% —Py+(1-p)B ln:: (48)* Pra. ) s
= # (B(H2) il (1B)" + 6#7%)
+(1 = p) ((1 — H)l - Hﬁo) . M)ﬂT(HzT—QHo)
H1 - )8 (1~ Ho)T + B() gﬁz e e (04 T2

+p(1 — u)ﬂT(}bT;HO) + (1= p)B (1 - Ho)0 + B(Hz)) > [(”B)tl Z/Bz]
+p(l = p)B (C + W(lmg)) i (uB) 8"~

t=0

Ignoring constants, this reduces to

[ <B(H2) > (wB) +BuT(H2T2HO)> (- M)ﬁT(HQT;Ho)
z=1
+(1 = p)B((1 — H2)0 + B(H>)) 252 (- M)BT(HQT;HO)
z=0

+p(l = @) (1~ H2)8 + B(Hz)) ) l(uﬁ)t_l Z_:BZ]

t=1
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Collecting terms, this equals

T M) (3,2 +(1* )8+ p(1 — p) ]
L B(H>) (uZZl( B) +(1—p 6ZBZ+u (1- B 1[uﬁt IZWD (A29)

z=0
n—1
+(1— Hy)d (1— )BY B+ p(l— B 1[uﬁt 12/62])
z2=0 z2=0
Note that
(B + (1 — p)B+p(l —p)p] =B

and

n

uz (uB)” + (1 - u)ﬂnilﬁz +p(1— Btil [ (uB)' ™ nz(:ﬁ]
= Zﬁz *“Z (1B)* *ﬂzﬁz +i (1) tnz:éﬂz u(uﬁ)th_:ﬂZ]
= ;52,
The last line follow_s from the fact that
uil(uﬁ)z —uilﬂz +§

Furthermore, since

W8S — ()’ iﬁZ] -
z=0 2=0

n n—1 n [ n—t n
pY (Wl + (A=Y B +pl—pwB>  [(18) ™ ZB] =Y 5,
z=1 z=0 t=1 L z=0 z=1

then

(1 *u)ﬁiﬁz +pl =B [(uﬁ)t_liﬂz = Zﬁz *NZ(N@Z
2=0 t=1 z2=0 i
— Zﬁz o 2+1

Thus objective function (A29) is

T(HQT+ZWB Hy) + (Zﬂzﬂz (1) ) (1~ Ho)8.

z=1

B
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Accordingly, we can pose the initial residents’ optimal tax problem as:

prilla—tto) +ZﬂZB (Hz) + (Zﬁzmz 1 (1) ) (1-Hy)?

max __ Zﬁz <H2 (1= H5)0+ B(Hs)—C(1—)— W(Hg)]) , (A30)

(7,Hz) Hy

Hy, > Hy

The constraints embodies the requirement that Hy be an equilibrium housing level given 7. If the
solution involves Hy = Hy, then it involves no development and a tax of 7. If Hy > Hy, then the
solution involves development and a tax less than 7.

To solve problem (43), we substitute the expression for the tax into the objective function to
produce a problem involving only the choice of Hy. After the substitution, the objective function

is (ignoring constants)

~ . [ [(1=H2)8+ B(H2)—C(1—B)—(Hz)| (Ha— Ho)
Zﬁ Ho

+ZﬁzB (H) + (ZBZ—MZZ L (pB) ) (1— Hy)8.

The first derivative of this objective function is

- —HD —C(1—8)—7 - —0+B’(Hs)—=' (H2)|(Hs—H
Zﬁz((l H2)9+B(H2}{DC(1 8) (Hg))_'_zﬂz[ (Hz) Ho( 2)|(Ha—Ho)
z=1 z=1

+25ZB Hy) — (Zﬁz—u& 1(u6)>

and the second derivative is

—0 + B'(Hy) —

ZBZ o Zﬁz HU + Z 5ZBH <0.
z=1

The objective function is therefore strictly concave.

If the first derivative of the objective function is negative at Hy, the initial residents will want

to prevent development. This condition boils down to

n

Zﬁz - NZ::1 (ﬂﬁ)z
(1— Ho)0 + B(Ho) — C(1 — B) — m(Hy) < —HyB'(Ho) + | =1— 0H,

2P
z=1
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which is (A23). Any tax at least as big as 7 will choke off development. Given (A2), the corre-
sponding debt level is therefore anything bigger than

R(D,n)

J7; = (17H0)§+B(H0)*C(1*6) 77T(H0)’
0

or, equivalently, bigger than D = Z BtHyS(Hy). If Z BtHyS(Hy) exceeds G, then the initial

t=1
residents cannot completely choke off development w1th debt financing. Their best strategy is

nonetheless to choose the highest level of debt possible. We conclude that the equilibrium level of
debt if (A23) holds is any debt level at least as big as min{G, ZﬁtHOS(HO)}.
t=1

If (A23) does not hold, the initial residents will want the level of development that equates the

first derivative of the objective function to zero. This housing level satisfies
(1 — Ho) + B(Hy) — (1 — §) — n(Hy)

) DL v I
= —HyB/'(H;) + [0 + 7' (H2)] (Hy — Ho) + | =—— 0H,.

>
z=1

This housing level corresponds to HS as defined in (A24). The associated tax is

__ Z e ( s [(1— H5)0 + B(HS) - C(1 - ) - w<H§>]> |

Hy

The corresponding debt level therefore satisfies

n—1 . — H$)0 + B(HS) — C(1 — B) — m(HS)]
,BHO ;6 ( : 2 ]30 2 )

b

or, equivalently, D = Z,BtH SS(HS). If ZBtH $S(HS) exceeds G, then the initial residents

t=1 t=1
cannot completely choke off development with debt financing. Their best strategy is nonetheless

to choose the highest level of debt possible. We conclude that the equilibrium level of debt if
n
(A23) does not hold is min{G, Z BYHSS(HS)}.
t=1
It remains to establish the claim that the equilibrium debt level is at least as high as the optimal

level and strictly higher when the optimal debt level equals — (H 0)2 B'(H°) Z Bt. Proposition 7
t=1

tells us that if S(Hy) < —HyB'(Hp), any debt level at least as big as min{G, ZﬂtHOS(HO)} is
t=1

n
optimal, while if S(Ho) > —HoB'(Hj), the optimal debt level is min{G, — (H°)* B'(H°) )  8'}
t=1

34



where H° satisfies S(H°) = —H°B’(H®). Note that since S(H°) = —H°B’(H®), we have that
min{G, — (H°)* B'(H°) Y '} = min{G, Y _ B'H°S(H")}.
t=1 t=1
To prove the claim, suppose first that (A23) does not hold. Then we know that S(Hy) >
—HyB'(Hp). Thus, we need to show that HSS(HS) > H°S(H?). It is clear that Hy < H°. Thus,
it suffices to show that HS(H) is decreasing for H € [HS, H°]. Observe that

deﬁH) - (1—H)@-I-B(H)—l—HB’(H)_C(l_ﬁ)_7T(H>_H@_’_W/(H))7
and
2
%}igH) =2B'(H) + HB"(H) - 2 (0 + «'(H)) < 0.

Thus, HS(H) is concave. Now note that

dH3S(H3)

i = (1-H5)0 + B(HS) + H5B'(Hs) — C(1 - 8) — m(H5) — (0 + «'(H5)) H5

Zﬁt — B (Mﬁ)t
t=1

0H, — (0 + ='(Hs)) Ho

2.8
t=1

n

Zﬁt — KX (Nﬁ)t
= FH - ) — 1/ (HE) Hy

>
t=1
T /T SR,

> A
t=1

Thus, on the interval [HS, H°], HS(H) is decreasing as required.

Now suppose that (A23) holds. There are two possibilities: S(Hp) < —HoB’'(Hp) and S(Hy) >
—HyB'(Hp). In the first possibility, the equilibrium and optimal debt levels coincide and so the
claim holds. In the second possibility, to prove the claim requires showing that HyS(Hp) >
H°S(H®). Following the argument just made, it suffices to show that dHyS(Hy)/dH < 0. We

have that

dHoS(Hp)

= (- Ho)0 + B(Ho) + HoB'(Hy) — C(1 — 8) — w(Ho) — Ho (0 + 7' (Ho))
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Given that (A23) holds, we know that
(1~ Ho)0 + B(Ho) + HoB'(Ho) — C(1 — B) — w(Ho) — Ho (0 +7'(Ho))

D B —ud (uB)

< C(1—p)+n(Hy)+ | & — 0Hy — C(1 — B) — n(Ho) — Ho (0 + 7' (Ho))
2B
t=1
> B =Y (1)
= | = - 0Hy — Hy (0 + 7'(Hy)) < 0.
>
|
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Comparative statics on debt
Changing 0
As argued in the text, the sign of the change in debt is determined by the sign of

d(H"S(H") 9H® | . OS(H")

dH ol 00
From (21), we have that
85(51 ) =1-H°>0.
00

Moreover, from (23), H® is implicitly defined by the equation

S(He) +HGB’(H€) o (§+7T'(He)) (He _ Ho) _ (M(ll_—ﬁu)ﬁ—i_l> (1 _ M)gHO —

Thus, we have that

[ + B(HE) + HEB"(H®) — (0 + 7/ (H*)) — =" (H)(H* ~ Ho)| dH°

+ {171{6 —(H® — Hy) — (“(ij—fj};l) (17u)Ho} dd = 0.

Furthermore, from (21), we have that

@ +B/(He) _|_HeB//(He) _ (5+7T/(He)) —ﬂ'”(He)(He _HO)

= —20+2B'(H®) —2n'(H®) + H°B"(H®).

Thus,

1—pp
00 20— 2B'(He)+2n/(He) — HeB"(H®)

Finally, as shown in the proof of Proposition 4,

ome 1 He = (H — Hy) — (“G=2) (1 - ) Ho

dH®S(H)

= —§H0(M) —7'(H®)Hy < 0.

L—pp
Thus,

d(HeS(H®)) dH* DS (H°)
— H° —
dH 00 + 00

- (1 _ H° — (H° — Hy) — (“(%};1) (1— M)HO) Hy (5“1(_1—;5) + w’(He)>

20 — 2B'(H¢) 4 2n'(He) — HeB" (He)

+1- H¢
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1—pp

— (1= me = (e = Ho) — (525 (1 ) Ho) Ho (9+ ' (H°))

> 1—H°
20 + 2n'(He) — HeB"(H¢) — QB’(He)
e e 1-B)+1 e
—(1—H—(H — Hy) _(M(l = )(1 )H0(0+7T(H)) .
> +1-H
20 + 27/ (H®)
_(]__He_(He_H _(M(l 5+1)(1 M )HO
= +1-—H¢°
1— He ((He — Hy) + (%) (1- M)Ho) Hy
= + > 0.
2 2
Changing u
The sign of the change in debt is determined by the sign of
d(HeS(H®)) 0H® +H€aS(H€)
dH ou ou
From (21), we have that
0S(H®) 0
o
Moreover, from (23), H¢ is implicitly defined by the equation
— 1— 1 —
S(H®)+ H°B'(H®) — (0 + «'(H®)) (H® — Hp) — (%) (1—p)0Hy = 0.

Thus, we have that

[dS(H ) + B'(H®) + H°B"(H®) — (§+7r/(H€)) —7''(H®)(H*® _H())} dH¢

qu=p+1)(A—p)
_ m

P B =0,

We have that (u(1=B)+1)(1—p)
u(1— —u
A== __2u(1-p)

dp L—pp~

and, from (21), that

dS(H¢)
dH
= —20+2B'(H®) —2n'(H®) + H*B"(H®).

Thus,
oHe g

= —= > 0.
O 20— 2B/(H*) + 2'(H°) — H*B"(H?)
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Finally, as shown in the proof of Proposition 4,

dHS(H®) o (1= B)

_ o e
T = OH(F ) — ' (H) Hy <0

Thus,

d(HS(H)) 0H | . OS(H")
dH ou ou
Fu(1-8 ey) 2u(1-8
| m R )
20— 2B/(H®) 4 2x'(H¢) — HeB"(H®)

Changing C'

The sign of the change in debt is determined by the sign of

d(HeS(H®)) 0H® +He@S(H‘e)
dH oC oc
From (21), we have that
dS(H*) _
0 = (1-5).

Moreover, from (23), H¢ is implicitly defined by the equation

S(He) _|_HeB/(He) o (§+7T'(He)) (He _ Ho) _ (M(ll_—ﬁu)ﬁ—i_l) (1 _ M)gHO —

Thus,

dsife) + B'(H®) + H*B"(H®) — (0 + ' (H*)) — «"(H*)(H* ~ HO)} dH® — (1 - B)dC = 0.

Furthermore, from (21), we have that

dS(H®)
dH
= —20+2B'(H®) —2n'(H®) + H°B"(H®).

+ B'(H®)+ H°B"(H®) — (0 +='(H®)) — =" (H®)(H® — Hy)

Thus, we have that

OH® 1-8 “0
oC 20 —2B/(H®)+2n'(He¢) — HeB"(He)

Finally, as shown in the proof of Proposition 4,

dHeS(H)

= —§H0(M) —7'(H®)Hy < 0.

L—pp
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Thus,

d(H*S(H

e)) aHe

dH
(T (5E2) + /(1) Hy ) (1 - )

cOS(H®)
ac 1" "¢

—H(1-5)

20 — 2B/ (H*) + 2/ (H ) HeB'(H¢)

(1-5) | H,

17 (1 ,(;7
k 1( MB) (He) e
20 — 2B'(H¢) + 2r'(He) — HeB"(H¢)

0+ n'(H) _ e
2 (0 + 27/ (He)) — 2B'(H*®) — H*B"(H°)

0+7TH e
2 9+27r He

-] <
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